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The theory of spectral multipliers is now a well-established and vast branch of linear harmonic analysis. Its origins lie in trying to extend the Fourier multiplier operators on $\documentclass[12pt]{minimal}
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The bilinear multipliers for the Fourier transform are the operators$$\documentclass[12pt]{minimal}
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                \begin{document}$$F_m$$\end{document}$ outside of the Fourier transform setting. The main idea behind the creation of this paper is to provide a theory for bilinear multipliers defined by the (bivariate) spectral theorem that parallels the correspondence between the linear Fourier multipliers and spectral multipliers.
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                \begin{document}$$m(L_1,L_2)$$\end{document}$ is defined by the bivariate spectral theorem. We also assume that *L* is injective on its domain, and that the contractivity condition ([CT](#Equ5){ref-type=""}) (see p. 8) and the well definiteness condition (WD) (see p. 5) are satisfied. These assumptions should be regarded as technical ones. The main assumptions on *L* that are in force in this paper are the existence of a Mikhlin-Hörmander functional calculus (MH), see p. 4, together with a product formula for the spectral multipliers of *L*, see (PF) on p. 6. Roughly speaking (PF) states that spectral multipliers of *L* behave well under pointwise multiplication.

There are two main goals of our paper. Firstly, we would like to prove Coifman--Meyer type multiplier theorems outside of the Fourier transform setting. Secondly, we would like to apply these results to obtain fractional Leibniz rules.

The classical Coifman--Meyer multiplier theorem \[[@CR8]\] says that the Mikhlin-Hörmander condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sup _{\xi \in {\mathbb {R}}^2}|\xi |^{\alpha _1+\alpha _2}|\partial ^{\alpha }m(\xi )|\le C_{\alpha },$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in {\mathbb {N}}^2,$$\end{document}$ implies the boundedness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_m$$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^{p_1}\times L^{p_2}$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^p,$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/p=1/p_1+1/p_2,$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_1>1,$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_2>1,$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>1/2.$$\end{document}$ This was proved by Coifman and Meyer for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>1,$$\end{document}$ while for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>1/2$$\end{document}$ it is due to Grafakos and Torres \[[@CR14]\] and Kenig and Stein \[[@CR18]\]. There are also Coifman--Meyer type multiplier theorems which are known in settings other than the Fourier transform. For bilinear multipliers on the torus, a theorem of Coifman--Meyer type may be deduced from Fan and Sato \[[@CR11], Theorems 1--3\]. Similarly, for bilinear multipliers on the integers such a theorem follows from Blasco \[[@CR5], Theorem 3.4\]. Next, in the product Dunkl setting, a Coifman--Meyer type multiplier theorem was proved by Amri et al. \[[@CR3]\].

The main result of this paper is the following generalized Coifman--Meyer type theorem.

Theorem {#FPar1}
-------

(Theorem [2.3](#FPar4){ref-type="sec"}) Let $\documentclass[12pt]{minimal}
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Theorem [2.3](#FPar4){ref-type="sec"} is formally stated and proved in Sect. [2](#Sec2){ref-type="sec"}. The main difficulty in obtaining the theorem lies in finding an appropriate proof of the classical Coifman--Meyer multiplier theorem, which is prone to modifications towards our setting. The proof we present in Sect. [2](#Sec2){ref-type="sec"} follows the scheme by Muscalu and Schlag \[[@CR20], pp. 67--71\] and is close to the original proof of Coifman and Meyer \[[@CR7]\]. An important ingredient in our proof is a spectrally defined Littlewood--Paley theory. For this method to work, the assumption (PF) (see p. 6) is very useful. Unfortunately, this assumption is violated in some interesting cases. In particular, it fails whenever *L* has a discrete eigenfunction decomposition with the property that a product of eigenfunctions is not in the linear span of eigenfunctions. This happens for instance when *L* is the harmonic oscillator on $\documentclass[12pt]{minimal}
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An application of Theorem [2.3](#FPar4){ref-type="sec"} provides Coifman--Meyer type multiplier results for bilinear multipliers given by ([1.2](#Equ2){ref-type=""}) in three cases different from the Fourier transform setting. In Theorem [3.1](#FPar6){ref-type="sec"}, we treat bilinear multipliers for *L* being the discrete Laplacian on $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Z}}^d.$$\end{document}$ This is close to \[[@CR5], Theorem 3.4\]; however, our results here are of a different kind. In Theorem [4.1](#FPar16){ref-type="sec"}, we consider bi-radial bilinear Dunkl multipliers; here, *L* is the general Dunkl Laplacian. In Corollary [4.2](#FPar18){ref-type="sec"} we also reprove \[[@CR3], Theorem 4.1\]. Finally, in Theorem [5.1](#FPar26){ref-type="sec"}, we give a Coifman--Meyer type multiplier result for Jacobi trigonometric polynomials; here, *L* is the Jacobi operator.

The second main goal of this paper is to obtain fractional Leibniz rules for operators different from the Laplacian. The fractional Leibniz rule states that, if $\documentclass[12pt]{minimal}
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In the present paper, we obtain fractional Leibniz rules of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Z}}^d,$$\end{document}$ while in Corollary [4.3](#FPar21){ref-type="sec"} we justify a fractional Leibniz rule when *L* is the Dunkl Laplacian in the product setting. The proofs of these fractional Leibniz rules rely on two properties of *L*. Firstly, we need appropriate Coifman--Meyer type multiplier results; these are Theorems [3.1](#FPar6){ref-type="sec"} and [4.1](#FPar16){ref-type="sec"} and are deduced from Theorem [2.3](#FPar4){ref-type="sec"}. Secondly, we require the existence of certain operators related to *L* that satisfy (or almost satisfy) an integer order Leibniz rule. As we do not know such an operator in the Jacobi setting we do not provide a fractional Leibniz rule there.

The article is organized as follows: In Sect. [2](#Sec2){ref-type="sec"}, we provide a general Coifman--Meyer type multiplier result, see Theorem [2.3](#FPar4){ref-type="sec"}. This is then a basis to establish Coifman--Meyer type multiplier results in various cases. In Sect. [3](#Sec3){ref-type="sec"}, we apply Theorem [2.3](#FPar4){ref-type="sec"} for the discrete Laplacian on $\documentclass[12pt]{minimal}
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It is straightforward to extend the result of this paper to the multilinear setting. However, to keep the presentation simple, we decided to limit ourselves to the bilinear case.
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General Bilinear Multipliers {#Sec2}
============================
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We shall need the following assumption on *L*; Note that if $\documentclass[12pt]{minimal}
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There are two consequences of (MH) which will be needed later. The first of them is well known and follows from Khintchine's inequality.
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The second of the required consequences is proved in \[[@CR26], Corollary 3.2\].
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The main result of this paper is a Coifman--Meyer type general bilinear multiplier theorem.

Theorem 2.3 {#FPar4}
-----------
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-----
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In the present section, we formalize Theorem [2.3](#FPar4){ref-type="sec"} for bilinear multiplier operators on $\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar6}
-----------
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Proof {#FPar7}
-----
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Corollary 3.2 {#FPar8}
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--------

Note that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f,g\in \mathcal {A}$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$fg\in L^2,$$\end{document}$ and hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-\Delta _{\mathbb {Z}^d})^{s}(fg)$$\end{document}$ makes sense.

Remark 2 {#FPar10}
--------

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-\Delta _{\mathbb {Z}^d})^{s}$$\end{document}$ is bounded on all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^p$$\end{document}$ spaces, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1\le p\le \infty ,$$\end{document}$ a version of ([3.5](#Equ18){ref-type=""}) without the Laplacians on the right-hand side is obvious. This is in contrast with the fractional Leibniz rule on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^d.$$\end{document}$
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Lemma 3.3 {#FPar11}
---------
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The second of the lemmata is the following.

Lemma 3.4 {#FPar13}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d=1.$$\end{document}$ Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi :(0,\infty )^2\rightarrow \mathbb {C}$$\end{document}$ is a bounded function that satisfies the Mikhlin--Hörmander condition (MH) of order 6. Then, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Re}}}(z)\ge 0$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned}&(-\Delta _{\mathbb {Z}})^{z}(B_{\varphi }(f, g))(n)\\&=\iint _{\mathbb {T}^2} \varphi (2|\sin \pi \xi _1|,2|\sin \pi \xi _2|)\,|2\sin \pi (\xi _1+\xi _2)|^{2z} e^{2\pi i (\xi _1+\xi _2)n}\, \mathcal {F}_{\mathbb {Z}}(f)(\xi _1)\mathcal {F}_{\mathbb {Z}}(g)(\xi _2)\,d\xi , \end{aligned} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f,g\in \mathcal {A},$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\in {\mathbb {Z}}.$$\end{document}$

Proof {#FPar14}
-----

From Theorem [3.1](#FPar6){ref-type="sec"} and the assumptions on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$, it follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{\varphi }(f,g)\in \ell ^2({\mathbb {Z}}).$$\end{document}$ Thus, the left-hand side of ([3.6](#Equ19){ref-type=""}) makes sense as a function on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell ^2({\mathbb {Z}}).$$\end{document}$ Moreover, a continuity argument shows that it suffices to demonstrate ([3.6](#Equ19){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Re}}}(z)>0.$$\end{document}$

Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\varphi }(\xi _1,\xi _2)= \varphi (2|\sin \pi \xi _1|,2|\sin \pi \xi _2|).$$\end{document}$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta _{\mathbb {Z}}(e^{2\pi it \cdot })(n)=4(\sin ^2 \pi t) e^{2\pi it n},$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in \mathbb {T}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\in \mathbb {Z},$$\end{document}$ we deduce that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-\Delta _{\mathbb {Z}})^{k}(e^{2\pi it \cdot })(n)=2^{2k}|\sin \pi t|^{2k} e^{2\pi it n},$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \mathbb {N}.$$\end{document}$ Hence, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k,n\in \mathbb {N},$$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (-\Delta _{\mathbb {Z}})^{k}(B_{\varphi }(f, g))(n)=\iint _{\mathbb {T}^2} \tilde{\varphi }(\xi _1,\xi _2)\,(4\sin ^2\pi (\xi _1+\xi _2))^k e^{2\pi i (\xi _1+\xi _2)n}\, \mathcal {F}_{\mathbb {Z}}(f)(\xi _1)\mathcal {F}_{\mathbb {Z}}(g)(\xi _2)\,d\xi . \end{aligned}$$\end{document}$$ Thus, for *P* being a polynomial, we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&P(-\Delta _{\mathbb {Z}})(B_{\varphi }(f, g))(n)\\&\quad =\iint _{\mathbb {T}^2} \tilde{\varphi }(\xi _1,\xi _2)\, P(4\sin ^2\pi (\xi _1+\xi _2)) e^{2\pi i (\xi _1+\xi _2)n}\, \mathcal {F}_{\mathbb {Z}}(f)(\xi _1)\mathcal {F}_{\mathbb {Z}}(g)(\xi _2)\,d\xi , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\in {\mathbb {Z}}.$$\end{document}$

Finally, a density argument shows that the above formula remains true for continuous functions in place of polynomials. In particular, taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \mapsto \lambda ^{z},$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{Re}}}(z)>0,$$\end{document}$ we obtain ([3.6](#Equ19){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We proceed to the proof of the corollary.

Proof of Corollary 3.2 {#FPar15}
----------------------
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Bilinear Radial Multipliers for the Generic Dunkl Transform {#Sec4}
===========================================================

Here, we apply Theorem [2.3](#FPar4){ref-type="sec"} for bilinear multiplier operators associated with the generic Dunkl transform. In the case when the underlying group of reflections is isomorphic to $\documentclass[12pt]{minimal}
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Theorem 4.1 {#FPar16}
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-----
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Corollary 4.2 {#FPar18}
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Remark {#FPar19}
------
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Proof of Corollary 4.2 (sketch) {#FPar20}
-------------------------------
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Before proving the fractional Leibniz rule, we need a lemma which is an analogue of Lemma [3.4](#FPar13){ref-type="sec"}. Its proof is similar, however a bit more technical. Therefore we give more details.
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Bilinear Multipliers for Jacobi Trigonometric Polynomials {#Sec5}
=========================================================

In this section, we give a bilinear multiplier theorem for expansions in terms of Jacobi trigonometric polynomials. Contrary to the previous sections, we do not prove a fractional Leibniz rule here. The reason for this is that there is no natural first-order operator in the Jacobi setting that satisfies a Leibniz-type rule of integer order.
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Theorem 5.1 {#FPar26}
-----------
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Remark {#FPar27}
------

The theorem implies a Coifman--Meyer type multiplier result for bilinear multipliers associated with the modified Hankel transform. This follows from a transference result of Sato \[[@CR23]\].

Proof {#FPar28}
-----
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